Solvable supersymmetric algebraic model for descriptions of the spherical to γ − unstable shapephase transition in even and odd mass nuclei is proposed. This model is based on dual algebraic structure and Richardson -Gaudin method, where the duality relations between the unitary and quasispin algebraic structures for the boson and fermion systems are extended to mixed bosonfermion system. The structure of two type of nuclear supersymmetry schemes, based on the U(6/2) and U(6/4) supergroups, is discussed. We investigate the change in level structure induced by the phase transition by doing a quantal analysis. By using the generalized quasispin algebra, it is shown that the nuclear supersymmetry concept can be also used for transitional regions in addition to dynamical symmetry limits. Experimental evidence for the U(5)-O(6) transition in Ru-Rh and ZnCu supermultiplets is presented. The low-states energy spectra and B(E2)values for these nuclei have been calculated and compared with the experimental data. * jafarizadeh@tabrizu.ac.ir † M.ghapanvari@tabrizu.ac.ir ‡ fooladi@tabrizu.ac.ir § Z.ranjbar@tabrizu.ac.ir 2
I. INTRODUCTION
Symmetry is one of the fundamental concepts in physics. In the nuclei, symmetry is in the form of dynamical symmetry. The dynamical symmetries were introduced in nuclear physics with the development of the interacting boson model and its extensions [1, 2] . The IBM describes the collective excitations of even-even nuclei in terms of correlated pairs of nucleons with L = 0, 2 treated as bosons (s, d bosons) [1] . The IBM represents a simple description of nuclear collective excitations based of an algebraic theory where symmetry transformations play a significant role. The N-boson system space is spanned by the irrep [N] of U B (6) [1] . The interacting boson -fermion model also explains odd-A nuclei in terms of correlated pairs, s and d bosons , and unpaired particles of angular momentum j (j fermions) [2] . The states of the boson -fermion system can be classified according to the irreducible representation [N] × [1] of U B (6) × U F (M) where M is the dimension of the single particle space. The IBM and IBFM can be unified into a supersymmetry (SUSY) approach that was discovered into nuclear structure physics in the early 1980 [3, 4] .The experiments performed at various laboratories have confirmed the predictions made using a SUSY scheme [5] . Originally, nuclear supersymmetry was considered as symmetry among pairs of nuclei consisting of an even-even and an odd-even nucleus [3, 4] . The supersymmetric representations [N }, N = N B + N F , of U(6/M) spanned a space that explains the lowest states of an even-even nucleus with N bosons and an odd-A nucleus with N − 1 bosons and a unpaired fermion [2] . In supersymmetry approach, the core-particle interaction entirely are determined by the even-even Hamiltonian and most of the parameters in the core-particle interaction can be taken from the neighboring even-even nucleus thus the nuclear properties of neighboring even-even and odd-A nuclei can be described with a single Hamiltonian and a single set of transition and transfer operators [2, 6] . The nuclear supersymmetry have been used successfully in description dynamical symmetry limits of the even-even and odd-A nuclei [2] [3] [4] 7] . The IBFM could be an ideal ground for testing supersymmetry [7] . Virtually simultaneously, with the introduction of the nuclear supersymmetry, the idea of spherical-deformed phase transitions at low energy in finite nuclei germinated [8, 9] . Studies of QPTs in odd-even nuclei with supersymmetric scheme had implicitly been initiated years before by A. Frank et al. [6] . They have studied successfully a combination of U BF (5) and SO BF (6) symmetry by using U(6/12) supersymmetry for the Ru and Rh isotopes. Iachello [10] extended the concept of critical symmetry to critical supersymmetry and provided a benchmark for the study of shape phase transition in odd-even nuclei and also J.Jolie et al. [11] studied QPTs in odd-even nuclei using a supersymmetric approach in interacting Boson-Fermion model.
In this paper, concept of supersymmetry and phase transitions are brought together by using the generalized quasispin algebra and Richardson -Gaudin method. Exactly solvable solution for the spherical to gamma -unstable transition in transitional nuclei based on dual algebraic structure and nuclear supersymmetry concept is proposed. Two separate cases are considered with the fermions lying in a j=1/2 shell or in a j=3/2 shell. The existence of duality symmetries has proven to be a powerful tool in relating the Hamiltonians with the number-conserving unitary and number-nonconserving quasispin algebras for system with pairing interactions that first introduced in nuclear physics in Ref. [12] and further developed in Refs. [13, 14] . These relations were obtained for both bosonic and fermionic systems [13, 14] . We have established the duality relations for mixed boson-fermion system. We evaluate exact solutions for eigenstate and energy eigenvalues for transitional region and dynamical-symmetry limits for eveneven and odd-A nuclei in Supersymmetry scheme by using Richardson -Gaudin method and changing the control parameters that based on affine GQA generalized quasi-spin algebra. In order to investigation of phase transition,we calculate observables such as level crossing, expectation values of the d-boson number operator and expectation values of the fermion number operator. The low-lying states of even-mass ruthenium and the odd-mass rhodium isotopes and Zn-Cu supermultiplets have been studied within suggested model. The results of calculations for these nuclei will present for energy levels and transitions probabilities, two neutron separation energies and will compare with the corresponding the experimental data. This paper is organized as follows: Section 2 briefly summarizes theoretical aspects of transitional Hamiltonian and generalized quasi-spin algebraic technique. Sections 3 and 4 include the quantal analysis and experimental evidence and sect. 5 is devoted to the summary and some conclusions.
II. THEORETICAL FRAMEWORK A. The Model
The quasispin algebras have been explained in detail in Refs [12] [13] [14] . The SU(1,1) algebra is produced by S ν , ν = 0 and ± , which satisfies the following commutation relations [12] [13] [14] 
In IBM , the generators of SU d (1, 1) generated by the d-boson pairing algebra [12] 
Similarly, s-boson pairing algebra forms another SU s (1, 1) algebra generated by [12] 
SU sd (1, 1)is the s and d boson pairing algebras generated by [12] 
The fermionic quasispin operators are [13, 14 ]
satisfy the commutation relations of the fermion quasispin SU(2) algebra [13, 14] .
The generalized quasispin algebra contain both bosonic (B) and fermionic (F) operators defined as [15] 
Thus
Where n b and n f are the boson and fermion number operator, respectively. Thus the operators (S ± BF ,S 0 BF ) form a generalization of the usual fermionic and bosonic quasispin algebras with commutation relations given as [15] 
The generalized quasispin algebra(GQA) may be labeled in terms of the eigenvalues of the second-order Casimir invariant and those of the quasispin operator S 0 BF [15] . The second-order Casimir invariant for the GQA is defined as
The basis states of an irreducible representation (irrep)GQA, |k, µ ,are determined by a single number k , where can be any positive number and µ = k, k + 1, .... Therefore,
The basis states are determined considering the fact that fermionic part of the action of S + BF is restricted by the Pauli Exclusion Principle and the action of S − BF terminates when a state of ν unpaired particles is reached i.e S − BF |ν B , ν F = 0 [15] .
The infinite dimensional generalized quasispin algebra that is generated by use of [12] 
Where c s , c d and c f are real parameters and n can be 0, ±1, ±2, ..... These generators satisfy the commutation relations
Then, S µ BF,m , µ = 0, +, −; m = ±1, ±2, ...generate an affine generalized quasispin algebra GQA without central extension. For evaluating the eigenvalues, the eigenstates are considered as
The lowest weight state, |lw BF , is defined as
In order to obtaining an algebraic solution for transitional region, we have used of dual algebraic structures. Such relations have often been used to effect simplifications of the calculations for two-level and multi-level systems. These relations were obtained for both bosonic and fermionic systems [13, 14] . We have established the duality relations for mixed boson-fermion system. Because of duality relationships [12] [13] [14] , It is known that in even-even nuclei the base of U(5) ⊃ SO(5) and SO(6) ⊃ SO(5) are simultaneously the basis of SU d (1, 1) ⊃ U(1) and SU sd (1, 1) ⊃ U(1), respectively. By use of duality relations [12] [13] [14] , the Casimir operators of SO(5) and SO(6) can also be expressed in terms of the Casimir operators of SU d (1, 1) and SU sd (1, 1), respectivelŷ
For a mixed boson-fermion system, the chain of subalgebras of unitary superalgebras U(6/M ) for j=1/2 and j=3/2 is shown in Fig.1 and Fig.2 , respectively. The two-level pairing system has two dynamical symmetries defined with respect to the generalized quasispin algebras, corresponding to either the upper or lower subalgebra chains in Eq. (27) .
The upper subalgebra chain is corresponding to strong-coupling dynamical symmetry limit while lower chain is weakcoupling limit. For odd-A nuclei with j=1/2, we have obtained the relation between the Casimir operators SO (5) 
If
By use of duality relations, the correspondence between the basis vectors Spin BF (5) and GQA df is 
By use of duality relations, the correspondence between the basis vectors Spin BF (6) and GQA sdf is
In this article, we investigate U(6/2) and U(6/4) supersymmetry. The detailed description of the U(6/2) and U(6/4) supersymmetry in U(5) and O(6) limits can be found in Refs. [2] [3] [4] . Here we restrict ourselves only to a brief discussion of the main ideas.
B. U(6/2) Supersymmetry Model
First we considered case that fermions occupy a single particle state with angular momentum j =1/2. Thus, the underlying graded algebra is U(6/2) [2] . In order to study the occurrence of supersymmetries, one must first identify the set of nuclei belonging to the representation N . Supermultiplets here contain 3 nuclei, if N ≥ 2. The three nuclei are characterized by [2] 
These nuclei are alternately even-even and odd-even nuclei and have an increasing number of unpaired fermions [2] . States with N F = 0 and N F = 1 are the lowest states of the corresponding nuclei, while states with N F > 2 are at higher energies [2] . The lattice of algebras in this model is shown in Fig.(1) .
In the following we will explain how derive the even-even and odd-A Hamiltonians within the U(6/2) supersymmetry scheme.By employing the generators of GQA and casimir operators of subalgebras, the following Hamiltonian for transitional region between U(5)-O(6) limits is prepared
α , β ,δ ,γ are real parameters. The eigenvalues of Hamiltonian Eq.(36) can then be expressed;
The case that fermions occupy a single particle state with angular momentum j =3/2 constitute the superalgebra U(6/4). Supermultiplets here contain 5 nuclei, if N ≥ 4.The five nuclei are characterized by [2] [3] [4] 
In order to obtain Hamiltonian within the U(6/4) supersymmetry scheme, We have considered the lattice of algebras is shown in Fig.2 .
So,following Hamiltonian for transitional region between U(5)-O(6) limits is prepared
The eigenvalues of Hamiltonian Eq.(39) can then be expressed;
It can be shown that Hamiltonians Eq. (36) In order to obtain the numerical results for energy spectra (E (k) ) of considered nuclei in two kinds supersymmetry approach, a set of non-linear Bethe-Ansatz equations (BAE) with k-unknowns for k-pair excitations must be solved also constants of Hamiltonian with least square fitting processes to experimental data is obtained [16] . To achieve this aim, we have changed variables as
The quantum number (k) is related to N by N = 2k + ν s + ν d + ν f . The quality of the fits is quantified by the values
(%) (N tot the number of energy levels where included in the fitting processes) [2] [3] [4] . A measure of the breaking of the supersymmetry scheme, the average absolute deviation divided by the average excitation energy, give with φ parameter [2, 4] . The method for optimizing the set of parameters in the Hamiltonian (β, γ, δ) includes carrying out a least-square fit (LSF) of the excitation energies of selected states [16] .
D. E2 transition probabilities
The observables such as electric quadrupole transition probabilities, B(E2), as well as quadrupole moment ratios within the low-lying state provide important information about the nuclear structure and QP T s. In this section we discuss the calculation of E2 transition strengths for j=1/2 and j=3/2. Supersymmetry implies that all transitions in nuclei belonging to the same supermultiplet be explained by the same operator [2] . The electric quadrupole transition operatorT (E2) in odd-A nuclei consists of a bosonic and a fermionic part [2, 17, 18] . In the j = 1/2 case, the E2 transitions for even-even and odd-A nuclei are completely determined by the bosonic part of the E2 operator [2] . The bosonic part have the specific selection rules, where for former term ∆ν d = ±1, |∆L| ≤ 2 and for latter ∆ν d = 0, ±2, |∆L| ≤ 0, 4. In the j = 3/2 case, we also consider the portion of fermionic term [2, 17, 18] .
With
Where Q B and Q jj ′ are the boson and fermion quadrupole operator and q B and q f are the effective boson and fermion charges [2, 17, 18] . The reduced electric quadrupole transition rate between the J i → J f states is given by [1, 2] 
For evaluating B(E2), we have calculated the matrix elements of T(E2) operators between the eigenstates of Eq. (21) that the normalization factor obtain as:
We calculate fermion part for j=3/2 by using Eq.(49) [17, 18] 
Where ξ is isoscalar factor and 3/2||T
||3/2 is a single-particle matrix element that is obtained as [2, 17, 18] j||(a
A test of supersymmetry is to see the extent to which the electric quadrupole transition probabilities of even-even and odd-A nuclei can be describe with the same coefficients of Eq. (47) . To determine boson effective charge, we have extracted these quantities from the empirical B(E2) values via least square technique. In the fitting process, empirical transition rates of both of even-even and odd-A nuclei were used.
III. QUANTAL ANALYSIS
This section presented the calculated phase transition observables such as level crossing,expectation values of the d-boson and the fermion number operators.
A. energy spectrum and level crossing
In order to display how the energy levels change within the whole range of the C s and C f control parameters, the energy surfaces E(C s , C f ) with the other parameters fixed can be defined and calculated using procedure that explained in sec.( ). [19, 20] .
B. expectation values of the d-boson number operator
An appropriate quantal order parameter is: 
C. expectation values of the fermion number operator
The expectation values of the fermion number operator are obtained as Fig.7 and Fig.8 show also n f as a function of the C s and C f control parameters. It can bee seen from figs that combination of multi-symmetry in the point of phase transition cause dissimilar behavior with neighboring points that representing the transition of u(5) limit to O(6) limit.
IV. EXPERIMENTAL EVIDENCE
This section presented the calculated results of low-lying states of Rh-Ru Supermultiplets and Zn -Cu Supermultiplets. The results include energy levels and the B(E2)values and Key observables of E(5) and E(5/2j+1) symmetry.
A. The Rh-Ru Supermultiplets
Nuclei in the mass region around A ∼ 100 have transitional characteristics intermediate between spherical and gamma-unstable shapes [21, 22] . Stachel et al. [23] have been studied the Ru isotopes and are found that these isotopes have U(5)-O(6) transition features. The odd-A Rh isotopes were studied in the framework IBFM by Vervier and Janssens [24] and Refs. [16, 21, 22, 25] . A. Frank and collaborators have studied the Rh-Ru Supermultiplets by using supersymmetry approach [6] . They have studied successfully a combination of U BF (5) and SO BF (6) symmetry by using U(6/12) supersymmetry for the Ru and Rh isotopes. We have also analyzed the negative parity states of the odd-proton nuclei,
101−109 45
Rh and positive parity states of the even-even nuclei,
100−108 44
Ru.The negative parity states in the odd-even nuclei Rh are built mainly on the 2p 1 2 shell model orbit [21] . In order to obtain energy spectrum and realistic calculation for these nuclei, we need to specify Hamiltonian parameters Eq.(36). According to the supersymmetry between bosons and fermions, the fermion is transformed into a boson, the system is described by the same set of parameters thus to achieve a better fit, states of both of even-even and odd-A nuclei were used. Eigenvalues of these systems are obtained by solving Bethe-Ansatz equations with least square fitting processes to experimental data to obtain constants of Hamiltonian. The best fits for Hamiltonian's parameters, namely α, β, δ and γ, used in the present work are shown in table 1. Fig.9 and Fig.10 show a comparison between the available experimental levels and the predictions of our results for the
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Rh and
100−108 44
Ru isotopes in the low-lying region of spectra. The quantum numbers of different states of each isotope and a comparison between theoretical prediction and experimental values for considered isotopes are presented in Tables.2(a,b. ..e). An acceptable degree of agreement is obvious between them.
The most important successful nuclear model characteristic is a good description of electromagnetic properties of the nucleus in addition to its energy spectrum. So, we have calculated B(E2) transition rates for Ru-Rh Supermultiplets. In the fitting process, because there is no empirical data for Rh isotopes except 103 Rh we have used only of the evenmass Ru experimental data for extracting of effective charge parameters. In 102 Ru − 103 Rh supermultiplet, we have used of experimental transition rates of both nuclei. Extracted values for effective charge parameters have presented in Table 3 . Tables.4(a,b,c,d ) show experimental and calculated values of B(E2) for negative parity states of Rh and positive parity states of Ru.
B. The Zn-Cu Supermultiplets
In order to test the predictions of the U(6/4) scheme in dynamical symmetry limits and transition region, we choose the negative parity states of the odd-proton nuclei, 61−69 Cu and positive parity states of the even-even nuclei, 62−70 Zn. These nuclei have not considered in other theoretical studies completely but for some of them which we have found similar counterparts. The Cu isotopes across the N=40 shell closure and have a single proton outside the Z=28 closed shell. The ground state spin/parity of the odd-A copper isotopes( Between 57 Cu and 69 Cu) is (
The low-lying levels of 63,65 Cu were studied by Bijker and Kota in 1984 [37] . They showed that the Spin(5) symmetry could occur in the odd-proton nuclei in the Cu region with the odd-proton occupying the 2p 3/2 orbit. Since the low-lying negative parity states in 63, 65 Cu are built mainly on the 2p 3/2 shell model orbit and the adjacent even-even nuclei 64,66 Zn show a vibrational type of spectrum, it has been suggested [37, 38] , that the Cu-Zn mass-region provides experimental evidence for the existence of the Spin(5) spinor symmetry and the U(6/4) supersymmetry [37] . The odd-even nuclei 63,65 Cu alone provide a test of the Spin(5) symmetry, while the pairs of nuclei Zn-Cu provide a test of the U(6/4) supersymmetry [37] . Since vibrational nuclei are known to exhibit other excitation modes such as quasi particle modes or intruder states due to the excitation of two protons into the next major shell in Zn [39] , great care must be taken in comparing with experiment. We have used a similar procedure as has done for Ru-Rh supermultiplets calculations to extract the parameters of Hamiltonian Eq.(39) for Zn-Cu supermultiplets. In the fitting process, in addition to the states in Cu, the states of Zn isotopes were considered. The best fits for Hamiltonian's parameters, namely α, β ′ and γ, used in the present work are shown in 6(a,b,. .,e).
we have also calculated B(E2) transition rates for Zn-Cu Supermultiplets. To determine boson effective charge, we have extracted these quantities from the empirical B(E2) values via least square technique. In the fitting process, we have used of experimental transition rates of both nuclei in a Supermultiplet. Extracted values for effective charge parameters have presented in Tables 7. Tables. 8(a,b, .,e) show experimental and calculated values of B(E2) for negative parity states of Cu and positive parity states of Zn. In Zn-Cu Supermultiplet, improved results my be obtained by considering neutron and proton degree of freedom separately.
In the following, we concentrated upon those distinguishing observables which vary along the U(5)-SO (6) value. The ratio equal to 2.2-2.3 indicates the spectrum of transitional nuclei [18, 50, 51] .
Thus, we calculated this quantity for even-even Ru and Zn Isotopes. Fig.13(a) and Fig.14(a) show R 4 2 prediction along with the experimental values for Ru and Zn isotopes, respectively. We have also calculated observables such as
,the vibrational excitation measure, values for control parameter, namely the ratio of shape phase transition, and ratios B( ). The comparison with experiment for these quantities in Ru and Zn isotopes is summarized in Table.9 and Table. 10, respectively.
Because of the occurrence of single particle orbitals that can considerably perturb the spectrum and electromagnetic transition strengths, comparison of the critical point description with experimental data in odd-mass nuclei is more difficult than even-even nuclei [18] . For Cu and Rh isotopes, we calculated only the energy ratio quantity. Fig.13(b) and Fig.14(b) show
) prediction along with the experimental values for these isotopes. From these figures and tables, one can conclude, the calculated energy spectra in this approach are approximately in good agreements with the experimental data. It means that our suggestion to use this transitional Hamiltonian for the description of the Rh-Ru and Zn-Cu supermultiplets would not have any contradiction with other theoretical studies done with special hypotheses about mixing of intruder and normal configurations. On the other hand, predictions of our model for the control parameters of considered supermultiplet, C s and C f , describe the vibrational, i.e.C s = 0, or rotational, namely C s = 1, and also C f = 0 for odd-A nuclei and C f = 0 for even-even nuclei, confirm this mixing of both vibrating and rotating structures in these nuclei when C s ∼ 0.5 → 0.65. The values of the control parameter, C s , suggest structural changes in nuclear deformation and shape-phase transitions in Rh-Ru and Zn-Cu supermultiplets. we proposed C s ∼ 0.5 → 0.65 as critical point. We conclude from the values of control parameter which has been obtained, observables such as the energy ratios and the B(E2) values that 104 Ru − 105 Rh and 64 Zn − 63 Cu supermultiplets are as the best candidates for U (5) − O(6) transition. Also, theoretical B(E2)transition probabilities of the Rh-Ru and Zn-Cu supermultiplets, which have obtained by using the model perspectives, exhibit nice agreement with experimental ones.
C. two-neutron separation energies
Shape phase transitions in nuclei can be studied experimentally by considering the behavior of the ground state energies of a series of isotopes, or, more conveniently, the behavior of the two-neutron separation energies, S 2n [1, 52] . On the other hand, the ground-state two-neutron separation energies,S 2n , are observables very sensitive to the details of the nuclear structure and indirect test of the supersymmetry scheme. The occurrence of continuities in the behavior of two-neutron separation energies describe a second-order shape-phase transition between spherical and γ − unstable rotor limits [1, 52] .In due to, we have investigated the evolution of two-neutron separation energies along the Ru,Rh,Zn and Cu isotopic chains by both experimental and theoretical values, which have been presented in Fig.15 and Fig.16 . Two-neutron separation energies for even-even and odd-even nuclei defined by [2, 4] 
Where E B denotes the binding energy. It can be shown that if supersymmetry applies, the separation energies in even-even and odd-even nuclei should be linear functions of N as[2, 4]
Using the S 2n empirical values for these isotopic chains [36] we have extracted D 1 = 2.28 × 10 4 , 3.0814 × 10 4 MeV and C 1 = −898.5, −2.5 × 10
3 MeV for Ru-Rh and Zn-Cu supermultiplets, respectively. Then, we obtained the two-neutron separation energies, which are shown in Fig.15 and Fig.16 , together with the experimental values.
It can be seen from Fig.15 and Fig.16 that exist continuities (linear variation) in the behavior of two-neutron separation energies thus the phase transition for Ru, Rh, Zn and Cu isotopic chains is of second order and also approximately equal slopes for Ru(Zn) even-even and Rh(Cu) odd-mass nuclei is a result of supersymmetry scheme. Our result Confirmed the predictions of done in refs. [1, 2, 4, 52] .
V. CONCLUSIONS
In this paper, we have proposed exactly-solvable supersymmetry Richardson-Gaudin (R-G) model for transitional region. We apply supersymmetry ideas to the description of even and odd nuclei and display that several states in many nuclei can be explained by schemes based on the U(6/2) and U(6/4) supergroups. We have employed the nuclear supersymmetry approach for description of the transitional region between spherical and gamma -unstable phase shape in addition to dynamical symmetry limits in one chain isotopic. Key observables of phase transition such as level crossing, expectation values of the d-boson and fermion number operator were calculated. New experimental data on the even-mass ruthenium and the odd-mass rhodium isotopes and Zn-Cu Supermultiplets were used to test the predictions of the new Supersymmetry scheme in dynamical symmetry limits and transition region and performed an analysis for these isotopes via a GQA-based Hamiltonian. The results indicate that the energy spectra of the Rh-Ru and Zn-Cu Supermultiplets can be reproduced approximately well. The observables such as the energy ratios, the B(E2) values that are most sensitive to the U(5)-O(6) structural transition were calculated and compared with the available experimental data. Our results show that the Rh-Ru and Zn-Cu Supermultiplets have gamma-unstable rotor features but the vibrational character is dominant and also 104 Ru − 105 Rh and 64 Zn − 63 Cu Supermultiplets are as the best candidates for U (5) − O(6) transition. [32, 33, 36] . [26, 27] and are presented in Weisskopf units(W.u.).
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